Recently, very interesting results have been obtained concerning the Fourier spectra of power permutations over a finite field. In this note we survey the recent ideas of Aubry, Feng, Katz, and Langevin, and we pose new open problems related to old conjectures proposed by Helleseth in the middle of the seventies.
Introduction
Let L be a finite field of characteristic p and order q. One defines the Fourier coefficient of a mapping f : L → L at a point a ∈ L as
where μ : L → C is the canonical additive character.
Strictly speaking, f (a) is the Fourier coefficient of the complex map μ•f at the additive character μ a : x → μ(ax). The minus sign that appears in the definition of the Fourier coefficient is not usual, but there are several good reasons to adopt it. Above all, one should note that μ a will be an eigenvector of eigenvalue f (a) for the operator of convolution by μ • f over the mappings from L to C.
In this paper, we are mainly interested in the Fourier coefficient of the power mapping f : x → x s where s is a positive integer. In that case, the Fourier coefficient is sometimes called a Weil sum, and we also use the notation W L,s (a) = f (a) = x∈L μ(x s − ax).
In the case where the exponent s is coprime to q − 1, we say that it is an invertible exponent, and the mapping f : x → x s is called a power permutation, because it is indeed a permutation of L. In this case, the Fourier coefficient at the origin is equal to zero:
A power permutation f , or its exponent s, is said to be singular if there exists an a ∈ L × such that f (a) = 0. We now present the first conjecture proposed in 1976 by Helleseth [7] . Conjecture 1.1 (Helleseth Vanishing Conjecture, 1976 ) If |L| > 2 and s ≡ 1 (mod p −1), then s is singular.
The conjecture was based on numerical evidence. The Fourier spectra of all the exponents over the extensions of F 2 with degree less than or equal to 25 have been computed in 2007 by Langevin [13] , and no counterexample was found. Up to now, very little in the way of partial results has been obtained for this conjecture. This question has every appearance of difficulty. Let us consider the special case when the exponent s = q − 2 satisfies Conjecture 1.1. Then s = q − 2 ≡ −1 (mod p − 1), so the congruential hypothesis of Conjecture 1.1 is satisfied for s = q − 2 if and only if −1 ≡ 1 (mod p − 1), which is true if and only if p = 2 or p = 3. For such an exponent, the Fourier coefficient is one plus a Kloosterman sum
If L is of characteristic 2, one can use the theory of elliptic curves as in [12] to prove that W L,q−2 (a) assumes all integer values divisible by 4 in the range [1 − 2 √ q, 1 + 2 √ q] as a runs through L × , a consequence of Deuring's work. In particular, the Fourier coefficient W L,q−2 (a) takes the value 0 for some a = 0. In characteristic 3, it was shown (see [10] ) that W L,q−2 (a) assumes all integer values divisible by 3 in the range 3 In characteristic p > 3 the exponent −1, i.e., the exponent q −2, is not singular. Indeed, for such fields W L,q−2 (a) has been shown to be nonzero when a = 0 in [11] .
An exponent s is said to be r-valued if the number of distinct Fourier coefficients on L × is r. The following theorem is a consequence of recent results of Feng and Katz.
is a power of two, then an invertible exponent is not three-valued.
Feng [6] proved the above theorem assuming that at least one of the Fourier coefficients is zero on L × . Katz [8] proved that this vanishing always occurs when the exponent s is three-valued. Katz's methods work in arbitrary characteristic, but Feng's work was specific to characteristic 2, so that Theorem 1.4 only concerns fields of characteristic 2. More recently, Katz [9] has shown that one can replace F 2 by F 3 in Theorem 1.4. The proof of Theorem 1.4 and its analogue in characteristic 3 verify parts of a conjecture by Helleseth, who proposed that the result should hold in arbitrary characteristic. Conjecture 1.5 (Helleseth Three-Valued Conjecture, 1976) For any prime p, if [L : F p ] is a power of two, then the spectrum of an invertible exponent is not three-valued.
This conjecture remains open for p > 3. In this paper, we survey old and recent results dealing with Fourier coefficients of power mappings to conclude with a very interesting open question in the theory of finite fields.
Fourier coefficients and convolution
The Fourier coefficient at a point a ∈ L of a complex function F defined over L is
is a scalar product. The additive characters of L form an orthogonal basis of the complex mappings on domain L.
If f : L → L, then we write f (a) in place of μ • f (a) by a common abuse of notation. As mentioned in the Introduction, the Weil sum W L,s (a) is nothing but the Fourier
If f : L → L and b ∈ L, then we write f b for the function bf , that is, f b (x) = bf (x) for x ∈ L. In certain applications it is important to understand the Fourier transform not only of f , but of all scalar multiples f b of f . Power permutations are special in this regard: if f (x) = x s with gcd(s, q − 1) = 1 and b ∈ L × , then
where 1/s is interpreted modulo q − 1. Also, when f (x) = x s is a power permutation, f b (a) is always a real number:
since the condition gcd(s, q −1) = 1 makes s odd when the characteristic of the field is odd. Fourier coefficients satisfy general rules, namely, the inversion formula, where S is considered a subspace of the F p -linear space L equipped with inner product (x, y) → Tr(xy), with Tr : L → F p the absolute trace. There is also the Parseval-Plancherel identity,
In this context, one introduces the convolutional product of two complex mappings F and G at z ∈ L,
The C-algebra of complex maps equipped with this product is usually denoted by C[L]. For b ∈ L, we denote by δ b the Dirac function
and we refer to the set of functions {δ b } b∈L as the Dirac basis, since it is a basis of the C-vector space C[L]. Then C[L] has δ 0 for its unit element. The kth power of convolution is
and one has the well known trivialization formulas
q F G(a) = F * G(a).
Remark 2.2
The inversion formula and trivialization formulas show that the Fourier transform is a C-algebra isomorphism from C[L] into C L with
In the Dirac basis {δ b } b∈L ,
and so, since {μ a } a∈L is an eigenbasis for convolution by F in the C-linear space C[L], with F (a) the eigenvalue for μ a , we have
Then the Helleseth Vanishing Conjecture (Conjecture 1.1) is equivalent to the following claim. For f : L → L, the product D(f ) = a∈L × f (a) of the Fourier coefficients on L × appears naturally in two ways. Firstly, by considering the convolution by the mapping
Secondly, if f (x) = x s for an invertible exponent s, the number of solutions in L n of of
where λ has order q − 1 in L × , can be written as
In particular, as remarked by Helleseth, the Vanishing Conjecture is equivalent to saying that the number of solutions of the system (4) with n = q − 1 is equal to−3 .
Spectrum of a power mapping
Let F : L → C. The set of the Fourier coefficients is called the spectrum of F . The set of Fourier coefficients on L × is called the reduced spectrum of F .
The values and the multiplicities of the Weil sums W L,s (a) of exponent s do not change if we replace s by ps or 1/s (modulo q − 1). We write s ∼ s if there exists j such that s ≡ p j s (mod q − 1). We say that the exponents s and s are equivalent and write s ≈ s if s ∼ s or s ∼ 1/s.
where 1/s is interpreted modulo q − 1. Thus f b = bf has the same spectrum (reduced or not) as f for all b ∈ L × . Note that a general power mapping does not satisfy this property, with a simple example being x → x q−1 when q > 2. For future work, it could be important to know more about the mappings satisfying this spectrum invariance property. Let ζ p = exp(2iπ/p). Then let ℘ = (1 − ζ p ), the prime ideal above p in Z[ζ p ]. For a power permutation f , the ℘-divisibility of the Fourier coefficient follows from
Another important fact satisfied by power permutations is the invariance of the spectrum under the action of the Galois group of Q(ζ p ). Indeed, considering the element φ r in Gal Q(ζ p ) that maps ζ p to ζ r p , one has Proof The first part appears in Helleseth's paper [7, Theorem 4.2] , and is a consequence of the second part. Let d | p − 1, and let r be an element of multiplicative order Assume that f (x) = x s with s an r-valued exponent with values A 1 , A 2 , . . ., A r , and denote by σ i the ith signed elementary symmetric function of these values, that is,
For all a in L, we have
Denote the nth convolutional power of μ • f by
Then for all z in L, we have
In particular, q divides r i=1 A i . Recall from Conjecture 1.1 that this product is actually conjectured to be 0 when s ≡ 1 (mod p − 1).
For any f : L → L, the number of solutions in L n of the system
is given by
In [2] , Aubry and Langevin used this relation and the little Fermat theorem to obtain the following congruence result.
Problem 3.4 Is it possible to obtain such a divisibility result involving another prime = p?
The following result [8, Theorems 1.7, 1.9] proved the vanishing of a Fourier coefficient on L × that finished the proof of Theorem 1.4. Theorem 3.5 (Katz, 2012 ) If x s is a three-valued power permutation, then s is singular, s ≡ 1 (mod p − 1), and the spectrum {0, A, B} of x s lies in Z.
The action of the Galois group of the cyclotomic field is the main ingredient of the proof. 
The following relation between the third power moment of the Fourier coefficient and N(1, 1) is equivalent to an observation of Blokhuis and Calderbank [3] about the weight distribution of certain cyclic codes:
In the penultimate equality, we use the fact that the condition gcd(s, q − 1) makes s odd when the characteristic of L is odd (and so N(1, 1) = N(−1, −1)).
More generally, the product of nonzero spectral values A 1 , A 2 , . . ., A n appears naturally by Fourier analysis. Define the signed elementary symmetric functions
Let us consider the polynomial 
Recall the Helleseth Three-Valued Conjecture (Conjecture 1.5), which states that if [L : F p ] is a power of two, then the spectrum of a power permutation is not three-valued. Feng [6, Theorem 2] showed that this conjecture holds in characteristic p = 2 under the additional assumption that at least one Fourier coefficient in the reduced spectrum vanishes. In [8, Corollary 1.10], [9, Theorem 1.7] Katz showed that the conjecture holds in characteristic p = 2 and 3 without additional assumptions.
Feng uses the following proposition [4] to obtain Conjecture 1.5 in even characteristic under the assumption that the exponent is singular. 
Differential multiplicity and the uniformity property
For f (x) = x s a power permutation over L, we denote by N (u, v) the number of solutions in L 2 of the system
Since (−y) s = −y s , N (u, v) is also the number of solutions of x −y = u, f (x)−f (y) = v. Therefore, the numbers N (u, v) are called the differential multiplicities of the exponent s.
Recall that N(1, 1) arose in (6) and was subsequently shown to be connected to the third power moment of the Fourier coefficients of f . Note that if u = 0, then N (u, v) = N(1, v/u s ). Corollary 5.4 If p = 2 or p = 3 then the Helleseth Three-Valued Conjecture is true. Proof N(1, 1) is divisible by p when p = 2 (see [6, Proof of Theorem 2]) and when p = 3 (see [9, Lemma 4.2] ). If f (x) = x s is three-valued, then A and B lie in Z (by Theorem 3.5), and so they are divisible by p by (5) , and then (6) We end this section by proving Theorem 5.2 without the language of the group algebra. Let f (x) = x s be a power permutation with a three-valued spectrum with values 0, A, and B. In view of (1), for each u ∈ L × , the spectrum of f u has the same values 0, A, and B. Write Proof From the first and second power moments of the spectrum of f , one may deduce (see [8, Proposition 3.2] 
from which all of our claims quickly follow. Now we proceed to a proof of Theorem 5.2. Using a character counting principle, we have
In other words, f x (w) 2 is a Fourier coefficient of N over the group L × L. On the other hand,
By subtraction of A times (10) from (9) N (u, v) .
Applying the Parseval relation to the mapping N ,
where we use f x (w) 4 in place of | f x (w)| 4 because (2) shows that f x (w) is always a real number. For our power permutation f , recall that for any x ∈ L × , the function f x = xf has the same spectrum as f , and note that f (0) = 0. On the other hand f 0 = 0f = 0 has spectrum f 0 (0) = q and f 0 (w) = 0 for w ∈ L × . Also note that N (u, v) = N(1, v/u s ) and N (u, 0) = 0 when u = 0, while N(0, 0) = q and N(0, v) = 0 when v = 0. With these observations, (11) becomes
and since the spectrum is three-valued with values 0, A, and B, we have
where we have used the calculation (7) for the third power moment, and the well-known value q 2 of the second power moment (which can be obtained by a similar, but easier calculation). We substitute the fourth power moment into (12) to obtain
because V denotes the same number as N(1, 1) . Then since αβγ divides N(1, v) when
for all v = 1, and so
= |αβγ |(q − V ), since v N(1, v) = q, inasmuch as it counts the solutions in L 2 of x + y = 1, and we have noted that N(1, 1) = V and N(1, 0) = 0. We substitute the value of V from (6) into (14) , and simplify to obtain
Note that this proves that A and B have opposite sign, and then
For the rest, we proceed as in the proof of Theorem 4.5 and Remark 4.6 in [9] . If a = b, then we would have c = min{a, b}. Then let d = max{a, b}, and so q|A − B| = qp c |γ | ≤ p a+b+c = p 2c+d . But since A and B have opposite signs, |A − B| > max{|A|, |B|} ≥ p d , so that qp d < q|A − B| ≤ p 2c+d , and so p c > √ q, and thus a, b > 1 2 [L : F p ], which is case (i) in the statement of Theorem 5.2.
If a = b, then inequality (15) shows that a = b ≥ 1 2 [L : F p ], and if this inequality is strict, we are again in case (i). Otherwise, we have a = b = 1 2 [L : F p ], and then |γ | = 1 and inequality (15) becomes an equality, as do the previous inequalities from which it was deduced, and in particular (13) shows that N(1, v) = 0 or |αβγ | = |αβ| for all v = 1, that is, s is |αβ|-uniform. This is case (ii) in the statement of Theorem 5.2.
We have already noted why case (i) is impossible when [L : F p ] is a power of 2 in Remark 5.3. This completes the proof of Theorem 5.2.
Conjectures on differential uniformity
The previous section shows that the Helleseth Three-Valued Conjecture depends on the nonexistence of uniform exponents in certain cases. We present a numerical experiment [14] which shows that the nonexistence of such exponents could be the key point to obtain a proof of Helleseth's conjecture. 1 (mod 3) , with the following differential multiplicities: characteristic differential multiplicities respective frequencies
The congruence condition is necessary and sufficient to make 3 an invertible exponent, and the result for characteristic 3 is trivial, for then 3 ≈ 1. In other characteristics ,  N(1, v) is the number of solutions in L of x 3 + (1 − x) 3 = v, which is the number of roots of the quadratic x 2 − x + (v − 1)/3 = 0. In characteristic 2, the additive Hilbert Theorem 90 shows that this quadratic polynomial has zero or two roots depending on whether the absolute trace of (v − 1)/3 is 1 or 0, respectively. In odd characteristic, the quadratic polynomial has zero, one, or two roots depending on whether the discriminant (7 − 4v)/3 is a quadratic nonresidue, zero, or a quadratic residue, respectively.
Proposition 6.6
The exponent s = q − 2 is nice if and only if q ≡ 1 (mod 6), with the following differential multiplicities: order differential multiplicities respective frequencies
Proof The exponent s is always invertible, and odd when p is odd, so that x s + y s = 0 if and only if y = −x, which makes N(1, 0) = 0. The pairs (0, 1) and (1, 0) are solutions of x + y = 1, x s + y s = 1, and for the other contributions, we may assume vxy = 0, so that
Thus N(1, 1) is two plus the number of roots of x 2 − x + 1, and N (1, v) for v = 0, 1 is the number of roots of x 2 − x + 1/v. Since x 2 − x + 1 is the sixth cyclotomic polynomial in fields of characteristic p > 3 (while it degenerates to the third cyclotomic polynomial in characteristic 2 and to (x + 1) 2 in characteristic 3), we see that
If v = 0, 1 and we are in characteristic 2, then the additive Hilbert Theorem 90 shows that x 2 − x + 1/v has zero or two solutions depending on whether the absolute trace of 1/v is 1 or 0, respectively. So if [L : F 2 ] is odd (q ≡ 2 (mod 6)), we obtain q/2 − 1 instances each of the differential multiplicities 0 and 2, while if [L : F 2 ] is even (q ≡ 4 (mod 6)) we obtain q/2 instances of 0 and q/2 − 2 instances of 2.
If v = 0, 1 and we are in odd characteristic, the quadratic x 2 − x + 1/v has zero, one, or two solutions depending on whether the discriminant 1 − 4/v is a quadratic nonresidue, zero, or a quadratic residue, respectively. Our discriminant runs through all values except 1 and −3. In characteristic 3 (q ≡ 3 (mod 6)), this produces (q − 1)/2 instances differential multiplicity 0 and (q − 3)/2 instances of differential multiplicity 2. When −3 is a quadratic residue (i.e., when q ≡ 1 (mod 6)), this produces one instance of differential multiplicity 1, (q −1)/2 instances differential multiplicity 0, and (q −5)/2 instances of differential multiplicity 2. When −3 is a quadratic nonresidue (i.e., when q ≡ 5 (mod 6)), this produces one instance of differential multiplicity 1, and (q − 3)/2 instances each differential multiplicities 0 and 2. We collate the information about the various N(1, v) to see that we get a nice exponent if and only if q ≡ 1 (mod 6).
It is easy to find numerically all of the differential multiplicities for exponents over a small field using the Zech logarithm. Here, we focus on odd characteristic. Let ω be a primitive root of the finite field L of order q. Then for k = (q − 1)/2, we define Zech(k) to be the unique such that ω = 1 + ω k . The logarithm of
where n = (q − 1)/2. In the numerical experiment [14] , all nice exponents over fields of characteristic 2 ≤ p ≤ 31 and order q ≤ 2 20 were found. Nice exponents s with s ≈ 1 occur in the majority of these fields. For example, Table 1 shows the nice exponents ( ≈ 1) up to the equivalence ≈ for the fields of order 11 m with m ≤ 5. The sixth line of the table indicates that 241 is nice over F 11 4 , congruent to 1 modulo 10, with three differential multiplicities 0, 2, and 121. The s † indicates that s ≈ q − 2.
As one can see in this example, the nice exponents s ≈ 1 are rare, and all have differential multiplicity 2. Surprisingly, this seems to be a general fact. Indeed, for the characteristics 3 to 31, all the observed nice exponents s ≈ 1 have 2 as a differential multiplicity. Problem 6.7 All nice exponents s ≈ 1 over the prime fields of characteristic p < 5000 were found in the numerical experiment [14] , and they all correspond to the paradigmatic examples of Propositions 6.5 and 6.6. Is this a general property?
We propose some conjectures based on our numerical evidence. Conjecture 6.8 (nice exponent) Let s ≈ 1 be an exponent over a finite field of odd characteristic. If s is nice, then 2 is a differential multiplicity. We can make an even stronger conjecture. Conjecture 6.9 (optimist) Let s ≈ 1 be an exponent over a finite field of odd characteristic. If s is invertible, then 2 is a differential multiplicity.
Then we claim that we have the following implications among conjectures optimist =⇒ nice exponent =⇒ Helleseth Three-Valued. Remark 6.10 It is interesting to notice that Conjecture 6.8 implies the Helleseth Three-Valued Conjecture. Indeed, let s be an exponent over a field L of characteristic p > 3 with [L : F p ] a power of two, and suppose that s is three-valued with values 0, A, and B. Write A = αp a , B = βp b , and A − B = γp c with p α, β, γ . Now assume Conjecture 6.8 holds, so that 2 is a differential multiplicity of s. Since we must be in case (ii) of Theorem 5.2, this shows that |αβ| = 2 and a = b = 1 2 [L : F p ]. Since the nonzero spectral values A and B are opposites in sign (as was seen in our proof of Theorem 5.2), this means that |A − B| = 3 √ |L|, but since p > 3, this contradicts the fact that |γ | = 1, which also must hold in case (ii) of Theorem 5.2. Thus, if Conjecture 6.8 is true, then Helleseth's Conjecture will be true in all characteristics p > 3. Since Helleseth's Conjecture is already proved in characteristic 2 and 3 (see Corollary 5.4), it would then be fully established.
